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567879:;<=:;>?@6>A &>:>5=<:;B= 9>A 7&<;5;C>D;A 

 EF7GHI >G<75><;B= 9;I  ; <=5 6> 7 67G= ;5;<>D;766787 

J9 &=:;5=6<>* 

>. 8. 9,K/, ( (/")-&!)!'LM'0) 

 !"#$ %& #'"#(")* #'#+,""#'-,$ '.!#()* /(-#0/-%&%1#(/"")* '%'-,0 (232) 

4(54,-'4 %* 0"#6#71%-,1%/58"#'-8, 7#-#1/4 '(4&/"/ ' +#589%0 7#5%:,'-(#0 -1,+#(/-

"%$, ;1,!<4(54,0)* 7 232 % (# 0"#6%* '5.:/4* ;1#-%(#1,:/=%* !1.6 !1.6.. 

>.'-8 #;-%0%&%1.,0/4 232 */1/7-,1%&.,-'4 '#(#7.;"#'-8? ;#7/&/-,5,$ 7/:,-

'-(/ 1 2, ,..., ,...,i nK K K K , 7#-#1), +.!,0 1/''0/-1%(/-8 7/7 7#0;#","-) (,7-#1/ K
  !

. @54 

.!#+'-(/ '1/(","%4 1/&5%:")* (/1%/"-#( 232 ;,1,$!,0 7 (,7-#1. "#10%1#(/"")* 

&"/:,"%$ ;#7/&/-,5,$ X
!

.A#6!/ 7/B!#0. (/1%/"-. '%'-,0) +.!,- '##-(,-'-(#(/-8 (,7-

-#1 "#10%1#(/"")* &"/:,"%$ ;#7/&/-,5,$ ( )x S
!

,-.,.         

 !1 2( ) , ,..., ,...,
T

i nX S x x x x" . (1)  

>1% C-#0 ;1,!;#5/6/,-'4, :-# ;#7/&/-,5% 4(54?-'4 #!"#1#!")0%, -.,. %0,?- 

#!". #+=.? %"-,1(/58".? 97/5., ;1,!,5) 7#-#1#$ ( &/(%'%0#'-% #- D#10.5%1#(7% 

&/!/:% 0,"4?-'4 #- -1 !# + 1  5%+# #- 0 !# +1. 

 ;-%0/58"/4 '%'-,0/ ()+%1/,-'4 %& (',* !#;.'-%0)* (/1%/"-#( 232. >1,!;#-

5/6/,-'4, :-# #"/ #+5/!/,- "/%5.:9%0% ' -#:7% &1,"%4 ;1%"4-#6# 71%-,1%4 #;-%0/58-

"#'-% &"/:,"%40% (,7-#1/ X  "#10%1#(/"")* ;#7/&/-,5,$ 7/:,'-(/ (1). >#! 71%-,1%,0 

#;-%0/58"#'-% (;1,!;#:-,"%4) ;#"%0/,-'4 ;1/(%5#, #+,';,:%(/?=,, '#;#'-/(5,"%, 

1/&5%:")* (/1%/"-#( 232 % ()+#1 #;-%0/58"#6# (/1%/"-/. 

@54 ;1,#!#5,"%4 .7/&/"")* -1.!"#'-,$ ( #'"#(. 0"#6#71%-,1%/58"#$ ;/1/0,--

1%:,'7#$ #;-%0%&/E%% E,5,'##+1/&"# ;#5#B%-8 %,1/1*%:,'7.? '%'-,0. 0#!,5,$, #!%" 

%5% ",'7#587# (,1*"%* .1#(",$ 7#-#1#$ ;1,!'-/(54?- '#+#$ ;#5%"#0%/58"), D."7-

E%% ;1,!;#:-,"%4 (E,5,(), %5% 71%-,1%/58"), D."7E%%), / "%B"%$ .1#(,"8 – ;#5%"#-

0%/58"), &/(%'%0#'-% ;#7/&/-,5,$ 7/:,'-(/ ;1#E,''#( #- #;-%0%&%1.,0)* ;/1/0,--

1#(. >1% C-#0 9%1#7# %';#58&.,-'4 7#"E,;E%4 /7-%("#$ %!,"-%D%7/E%% '5#B")* '%'-

-,0, #'"#(/""/4 "/ ;5/"%1#(/"%% %0%-/E%#""#6# C7';,1%0,"-/. >#! %0%-/E%#"")0 

C7';,1%0,"-#0 ;#!1/&.0,(/,-'4 ():%'5%-,58")$ % C(1%'-%:,'7%$ C7';,1%0,"-).  

>1#%55?'-1%1.,0 .7/&/"")$ ;#!*#! "/ ;1%0,1, #;-%0%&/E%% ;/1/0,-1#( &/7#"/ 

.;1/(5,"%4 '%'-,0) /(-#0/-%:,'7#6# .;1/(5,"%4 7.1'#0 '.!"/, ( 7/:,'-(, 7#-#1)*  1/'-

'0/-1%(/?-'4 7#CDD%E%,"-) #+1/-"#$ '(4&% F#.' % !%DD,1,"E%1.?=%, C5,0,"-) F!. G 

%,1/1*%:,'7#$ '%'-,0, 0#!,5,$, ;#5#B,""#$ ( #'"#(. ;/1/0,-1%:,'7#$ #;-%0%&/E%% (1%-

'."#7), ;,1()0 -1,0 .1#("40 '##-(,-'-(.?- #+#+=,""/4 D."7E%4 ;1,!;#:-,"%4 (E,5,(/4 

D."7E%4) Y, D."7E%% ;1,!;#:-,"%4 #-!,58")* 1,B%0#( – Y1 , Y 2 , Y 3 , % "#10%1#(/"%, &"/-

:,"%4 ;#7/&/-,5,$ 1,B%0#( – X 21 , X 22 , X 31 , X 32 , X 33 . 

H."7E%4 ;1,!;#:-,"%4 Y 1  '##-(,-'-(.,- 1,B%0. /(-#0/-%:,'7#$ '-/+%5%&/E%% 

'.!"/ ( #-71)-#0 0#1,. I5/(")0 ;#7/&/-,5,0 ( C-#0 1,B%0, 4(54,-'4 (,5%:%"/ ;#-,18 

C7';5./-/E%#""#$ '7#1#'-%, ;1% !,$'-(%% 0#1'7#6# (#5","%4, '(4&/""/4 ' .!5%","%,0 

-1/,7-#1%% !(%B,"%4 '.!"/, '7#1#'-8? 1)'7/"84 '.!"/ ;# 7.1'. % ;,1,75/!7/0% ;,1/ 

1.54. H."7E%4 ;1,!;#:-,"%4 Y 2  #;1,!,54,- 1,B%0 '-/+%5%&/E%% ( '-,'","")* .'5#(%-

4*, 6!, ;#7/&/-,5% X 21  % X 22  4(54?-'4 "#10%1#(/"")0% &"/:,"%40% '1,!",7(/!1/-%:,-

                                                 
* J,9,"%,0 >F 7#"D,1,"E%% !#75/! #-",'," ( ;,1(.? ',7E%?. 
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'7%* (,5%:%" .65/ 1)'7/"84 )(#$  % .65/ ;#(#1#-/ 1.54 )(%$ . H."7E%4 ;1,!;#:-,"%4 Y 3  

*/1/7-,1%&.,- 1,B%0 /(-#0/-%:,'7#6# 0/",(1%1#(/"%4 % #;1,!,54,-'4 ;#7/&/-,540% 

X 31 , X 32  %  X 33 , 7#-#1), 4(54?-'4 ;#7/&/-,540% 7/:,'-(/ ;,1,*#!"#6# ;1#E,''/, ( :/-

'-"#'-% %"-,61/58"#$ 7(/!1/-%:"#$ #E,"7% Y, (1,0,"% ;,1,*#!"#6# ;1#E,''/  $  % ;,-

1,1,6.5%1#(/"%4 & . 

 

;!'('K$*!+"(% +$+)!.( .,2!1!N 

H."7E%% ;1,!;#:-,"%4 Y 1 , Y 2 , Y 3 ( #+=,0 '5.:/, ;1,!'-/(54?- '#+#$ ;#5%"#-

0%/58"), &/(%'%0#'-% #- "#10%1#(/"")* &"/:,"%$ ;#7/&/-,5,$, 7#-#1), ( '(#? #:,-

1,!8 4(54?-'4 ;#5%"#0%/58")0% &/(%'%0#'-40% #- #;-%0%&%1.,0)* ;/1/0,-1#(, ;1%-

:,0 +#589,0. "#10%1#(/""#0. &"/:,"%? ;#7/&/-,54 '##-(,-'-(.,- 5.:9,, (( !/""#0 

'5.:/, 0,"89,,) ","#10%1#(/""#, &"/:,"%, '##-(,-'-(.?=,6# ;#7/&/-,54. A#6!/ &/!/-

:/ ()+#1/ #;-%0/58")* &"/:,"%$ ;/1/0,-1#( '(#!%-'4, 7/7 .7/&)(/5#'8 ()9,, 7 '-/"-

!/1-"#$ &/!/:, 0/-,0/-%:,'7#6# ;1#61/00%1#(/"%4:  

0 1 2 3max ( , , )X Y Y Y Y" K; 

X D' , 

6!, 0X  – (,7-#1 #;-%0/58")* "#10%1#(/"")* &"/:,"%$ ;/1/0,-1#(, ( !/""#0 '5.:/, 

'##-(,-'-(.?=%*  K#.' %  F!; D – #+5/'-8 !#;.'-%0)* &"/:,"%$ "#10%1#(/"")* ;/-

1/0,-1#(, #;1,!,54,0/4 #61/"%:,"%40% "/ &"/:,"%4 ;/1/0,-1#( % &"/:,"%4 #--

!,58")* ;#7/&/-,5,$ 7/:,'-(/. 

@54 1,9,"%4 &/!/: 0"#6#71%-,1%/58"#$ #;-%0%&/E%% ( "/'-#4=,, (1,04 (', 

"/%+#5,, 9%1#7#, 1/';1#'-1/","%, "/95% 5%",$"), D."7E%% ;1,!;#:-,"%4.  !"/7# 

+#589,$ ;#-,"E%/58"#$ /!,7(/-"#'-8? #+5/!/?- ;#5%"#0%/58"), D."7E%% ;1,!;#:-

-,"%4, 7#-#1), 0#B"# ;1,!'-/(%-8 ( (%!, ;#5%"#0#( -1,-8,6# % :,-(,1-#6# ;#14!7#(: 

2 3

0

1 , 1 , 1 1

n n n n

i i ij i i j i j iij i

i i j i j i
i j

Y b b x b x b x x b x
" " " "

(

" ) ) ) )* * * * ;  (2) 

2 3 4

0

1 , 1 , 1 1 1

n n n n n

i i ij i i j i j iij i iijj i

i i j i j i i
i j

Y b b x b x b x x b x b x
" " " " "

(

" ) ) ) ) )* * * * * , (3) 

6!, Y – &"/:,"%, D."7E%$ ;1,!;#:-,"%4; ix  – "#10%1#(/""), &"/:,"%4 ;#7/&/-,5,$; 

b 0 ,b i ,b
ij

,b
iij

,b
iijj

–7#CDD%E%,"-) ;#5%"#0#( D."7E%% ;1,!;#:-,"%4; n – :%'5# ,!%-

"%:")* ;#7/&/-,5,$. 
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 ;1,!,5,"%, ;#5%"#0%/58")* D."7E%$ ;1,!;#:-,"%4 #'.=,'-(54,-'4 "/ #'"#(, 

C(1%'-%:,'7#6# C7';,1%0,"-/. A,#1,-%:,'7#, #+#'"#(/"%, C(1%'-%:,'7#6# C7';,1%0,"-

-/ !/,- #+=/4 -,#1%4 %&0,1,"%$ [1], 7#-#1/4 1/''0/-1%(/,- 7/7 #+<,7-%("), %&0,1,-

"%4, #'.=,'-(54,0), %&0,1%-,58")0% ;1%+#1/0%, -/7 % '.+<,7-%("), %&0,1,"%4, 

;1#%&(#!%0), C7';,1-/0%. G C(1%'-%:,'7#0 C7';,1%0,"-, #-!,58")0 -#:7/0 ;5/"/ 

'##-(,-'-(.?- 6%;#-,-%:,'7%, (/1%/"-) #;-%0%&%1.,0#$ C32, !54 7#-#1#$ %&(,'-") 

(,7-#1"), #E,"7% "#10%1#(/"")* &"/:,"%% ;#7/&/-,5,$ 7/:,'-(/ (1). L7';,1-) ;.-,0 

#'.=,'-(5,"%4 ';,E%/58")* ;1#E,!.1, #'"#(/"")* "/ '.+<,7-%(")* %&0,1,"%4*, #;-

1,!,54?- &"/:,"%4 D."7E%$ ;1,!;#:-,"%4 ( -#:7/* ';,7-1/ ;5/"/.  +1/+#-7/ ;#5.:,"-

")* 1,&.58-/-#( "/ #'"#(, 0,-#!/ "/%0,"89%* 7(/!1/-#( ;#&(#54,- #;1,!,54-8 ;#5%-

"#0%/58"), &/(%'%0#'-% D."7E%$ ;1,!;#:-,"%4 #- "#10%1#(/"")* &"/:,"%$ ;#7/&/-

-,5,$ (%!/ (2), (3). 

 !"/7# %';#58&#(/"%, '%00,-1%:")* 7#"D%6.1/E%$ ( ;5/"/* C(1%'-%:,'7#6# 

C7';,1%0,"-/ ('-1,:/,- '.=,'-(,""), &/-1.!","%4 . C7';,1-#( ;1% '.+<,7-%(")* %&-

0,1,"%4* &"/:,"%$ D."7E%$ ;1,!;#:-,"%4. M,#+*#!%0# .:%-)(/-8, :-# ( #-5%:%, #- 

1,61,''%#""#6# % ():%'5%-,58"#6# C7';,1%0,"-#(, #-!,58"), -#:7% ';,7-1#( ;5/"#( 

", 4(54?-'4 1/("#E,"")0%. A/7, C7';,1-) ( +#589%"'-(, '5.:/,( ", 0#6.- !#'-/-#:"# 

-#:"# #;1,!,54-8 &"/:,"%4 D."7E%$ ;1,!;#:-,"%4 6%;#-,-%:,'7%* (/1%/"-#( 232, . 

7#-#1)* "#10%1#(/""), &"/:,"%4 -1,* % +#5,, &"/:,"%$ ;#7/&/-,5,$ ", #-5%:/?-'4 #- 

".54. N'75?:,"%, '#'-/(54?- 6%;#-,-%:,'7%, (/1%/"-), . 7#-#1)* "#10%1#(/""), 

&"/:,"%4 ;#7/&/-,5,$ 1/(") !1.6 !1.6., -., ( 1, 2,..., )ix a i n" " . 

O7/&/"")0 -1,+#(/"%40 ;#!:%"4,-'4 ;#5")$ D/7-#1")$ C7';,1%0,"- (>HL) 

!54 n = 2, 4!1# ;5/"/ P#7'/–P,"7%"/ % &(,&!"), -#:7%. 

@54 1,9,"%4 0"#6#71%-,1%/58")* &/!/: #;1,!,5,"%4 D."7E%% ;1,!;#:-,"%4 

E,5,'##+1/&"# %';#58&#(/-8 7(/&%'%00,-1%:"), ;5/"), 7#-#1), '#!,1B/- ", -#587# 

.7/&/""), '%00,-1%:"), 7#"D%6.1/E%%, "# % %* #-!,58"), 7(/&%'%00,-1%:"), ;#!-

0"#B,'-(/, ",:,-"), 0#0,"-), 7#-#1), #+,';,:%(/?- 7#0;1#0%''"), '(#$'-(/ ;5/-

"#(. 2 #!"#$ '-#1#"), &"/:,"%4 D."7E%$ ;1,!;#:-,"%4, '##-(,-'-(.?=%* -#:7/0 

';,7-1#( C-%* ;#!0"#B,'-(, '1/("%-,58"# 5,67# #;1,!,54?-'4 C7';,1-/0%, / ' !1.6#$ 

'-#1#") +#589%"'-(# ",:,-")* 0#0,"-#( 1/("4,-'4 ".5?. 

>1%0,1#0 -/7#6# ;#!0"#B,'-(/ 4(54,-'4 '5,!.?=/4 ()+#17/ %& >HL: 

1 1 ... 1
'

1 1 ... 1
D

+ + +, -
" . /) ) )0 1

. 

2-1#7% .7/&/""#6# ;#!0"#B,'-(/ '##-(,-'-(.?- 0%"%0/58"#0. % 0/7'%0/58-

")0 &"/:,"%40 D."7E%$ ;1,!;#:-,"%4 ("/%*.!9%$ % "/%5.:9%$ C5,0,"- 0"#B,'-(/ 

6%;#-,-%:,'7%* (/1%/"-#() % ( &/(%'%0#'-% #- ()+1/""#$ :%'5#(#$ 97/5) ;1%"%0/?- 

&"/:,"%4 -1 % +1 %5% 0 % +1. O7/&/""), #E,"7% 4(54?-'4 &/1/",, %&(,'-")0% !,-,10%-

"%1#(/"")0% :%'5/0%, #9%+7/ ( #;1,!,5,"%% 7#-#1)* 1/("/ ".5?. 2%00,-1%:"), ",-

:,-"), 0#0,"-) ;,1(#6# % -1,-8,6# ;#14!7#( C-#$ ()+#17% 1/(") ".5?, / (-#1#6# % 

:,-(,1-#6# #-5%:/?-'4 #- ".54. >#C-#0. ",#+*#!%0# ;#!#+1/-8 ()+#17. %& ;5/"/ P#7-

'/–P,"7%"/, #+,';,:%(/?=.? 1/(,"'-(# ".5? (-#1#6# ",:,-"#6# 0#0,"-/ 7(/&%'%0-

0,-1%:"#6# ;5/"/ C7';,1%0,"-/. F1#0, -#6#, "/ -#:"#'-8 '.+<,7-%(")* %&0,1,"%$ 

(5%4?- 1/&0,1) 7#"D%6.1/E%$. M/%+#5,, -#:"), 1,&.58-/-) %&0,1,"%$ ;#5.:/?-'4 

;1% 1/&+%,"%% #+=,$ #!"#1#!"#$ 97/5) "/ :,-)1, 1/(")* %"-,1(/5/. G C-#0 '5.:/, 

7/B!)$ D/7-#1 0,"4,-'4 "/ ;4-% .1#("4* (-1; -0,5; 0; +0,5; +1), -.,. 1/&0,1) 7#"D%6.1/-

E%$ a=1 % a=0,5. G ;1#-%("#0 '5.:/, -#:"#'-8 '.+<,7-%(")* %&0,1,"%$ '.=,'-(,""# 

.0,"89/,-'4. 
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F(/&%'-/E%#"/1")$ ;5/" !54 #;1,!,5,"%4 ;#5%"#0%/58")* D."7E%$ ;1,!;#:-

-,"%4 :,-(,1-#6# ;#14!7/ ;1% :%'5, ;#7/&/-,5,$   = 4 ;1,!'-/(5," ( -/+5%E,. 

>5/" (75?:/,- ( ',+4 !(/ ;#!0"#B,'-(/ ';,7-1#( 4!1/ ;5/"/ P#7'/–P,"7%"/ 

(;,1(), 12 -#:,7) % >HL (-#:7% 13 % 14), / -/7B, !(/ 7#0;5,7-/ &(,&!")* -#:,7 (-#:7% 

15-30) %  ".5,(.? -#:7. (31). O7/&/"")$ ;5/" 4(54,-'4 7(/&%'%00,-1%:")0, -/7 7/7 

(', ,6# ",:,-"), 0#0,"-) !# -1,-8,6# (75?:%-,58"# 1/(") ".5?.  !"/7#, ",:,-"), 

0#0,"-) :,-(,1-#6# ;#14!7/ ", 1/(") ".5?, :-# ",'7#587# .*.!9/,- '(#$'-(/ ;5/"/. 

3"/5#6%:")0 #+1/&#0 #'.=,'-(54,-'4 '%"-,& 7(/&%'%00,-1%:")* ;5/"#( C(1%-

'-%:,'7#6# C7';,1%0,"-/ !54 :%'5/ ;#7/&/-,5,$   = 3,5. Q/-1%E) 0#0,"-#( ;5/"#( 

-1,-8,6# % :,-(,1-#6# ;#14!7#( %0,?- '5#B"), +5#:"), '-1.7-.1), ;#C-#0. &"/:,"%4 

7#CDD%E%,"-#( '##-(,-'-(.?=%* %* D."7E%40 ;1,!;#:-,"%4 0#6.- +)-8 #;1,!,5,") 

-#587# ' ;#0#=8? 7#0;8?-,1#( "/ #'"#(, '5,!.?=,6# 0/-1%:"#6# ()1/B,"%4: 

1( )T TB X X X Y+"  

6!, B = , , , , ,
T

T T

o i ij ii iii iiiib b b b b b, -0 1  –(,7-#1-'-#5+,E &"/:,"%$ 7#CDD%E%,"-#( ;#5%"#0%-

/58")* D."7E%$ ;1,!;#:-,"%4; ! – 0/-1%E/ "/+5?!,"%$ C(1%'-%:,'7#6# ;5/"/ 

C7';,1%0,"-/; y  – (,7-#1 '-#5+,E  61.;;#(#$ #E,"7% D."7E%$ ;1,!;#:-,"%4 ( 7/-

B!#$ -#:7, ;5/"/ C7';,1%0,"-/. 

 ;1,!,5,"%, ()1/B,"%4 D."7E%$ ;1,!;#:-,"%4 ( (%!, ()1/B,"%$ (2) %5% (3) 

;#&(#54,- '(,'-% &/!/:. 0"#6#71%-,1%/58"#$ #;-%0%&/E%% 232 7 1,9,"%? '-/"!/1--

"#$ &/!/:% 0/-,0/-%:,'7#6# ;1#61/00%1#(/"%4. 

 

R - ;5/" X1 X2 X3 X4 R - ;5/" X1 X2 X3 X4 

1 -1 1 0 0 17 0 -1 0 0 

2 1 -1 0 0 18 0 1 0 0 

3 -1 0 1 0 19 0 0 -1 0 

4 1 0 -1 0 20 0 0 1 0 

5 -1 0 0 1 21 0 0 0 -1 

6 1 0 0 -1 22 0 0 0 1 

7 0 -1 1 0 23 -0,5 0 0 0 

8 0 1 -1 0 24 0,5 0 0 0 

9 0 -1 0 1 25 0 -0,5 0 0 

10 0 1 0 -1 26 0 0,5 0 0 

11 0 0 -1 1 27 0 0 0,5 0 

12 0 0 1 -1 28 0 0 -0.5 0 

13 -1 -1 -1 -1 29 0 0 0 -0,5 

14 1 1 1 1 30 0 0 0 0,5 

15 -1 0 0 0 

 

31 0 0 0 0 

16 1 0 0 0 
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