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56789:;< :=;>79:98?5=:@ &>9><>==8A  ;9BC;B9D E6@ 

9>F>=:@ G> ;C:H I5E5J* 

E. A. =,3$",3, A. >. =,3$",3 (C'(+/,%'+") 

 !"#!$%&'!"#( )*"+%'',- ./"0%&*1%'#!$ 0&* *1*#23*!''!1 1!4%+*&!$2'** 

'%0&%&,$',- "*"#%1  "$562'2 " $,7!&!1 '24%8'!9! * .::%/#*$'!9! 1%#!42 &%;%'*5 

0!"#2$+%''!< 6242)*. = '2"#!5>%% $&%15 0&* 0!"#&!%'** )*"+%'',- 1%#!4!$ 2/#?2+(-

'! &2";*&%'*% *- $!61!8'!"#%< 0&*1%'*#%+('! / "*"#%121 $"% 7!+%% $,"!/!< &261%&-

'!"#* [1–2].  +5 &%;%'*5 8%"#/*- 6242) *"0!+(6?@#"5 L-?"#!<)*$,% "-%1,, 0&* &%2+*-

623** /!#!&,- $!6'*/2%# '%!7-!4*1!"#( &%;%'*5 +*'%<',- "*"#%1 2+9%7&2*)%"/*- 

?&2$'%'*< [1]. A#! !7,)'! $,0!+'5%#"5 " 0&*1%'%'*%1 LU-&26+!8%'*5 '%/!#!&!< 12#-

&*3,, &261%&'!"#( /!#!&!< "!$0242%# " &261%&'!"#(@ *"-!4'!< 6242)*.  %/!10!6*3*5 

12#&*3, !"?>%"#$+5%#"5 " $,7!&!1 9+2$'!9! .+%1%'#2 0! "#&!/% *+* "#!+73?, 2 *'!942 

* 0! $"%< 12#&*3%. = "+?)2% 7!+(;!< &261%&'!"#* $&%15 4%/!10!6*3** :2/#*)%"/* 

0!+'!"#(@ !0&%4%+5%# !7>*% $,)*"+*#%+(',% 62#&2#,.  +5 0!$,;%'*5 .::%/#*$'!"#* 

&2")%#!$ *"0!+(6?%#"5 621!&28*$2'*% 12#&*3, B/!7* [3]. C%/!#!&,1 2'2+!9!1 621!-

&28*$2'*5 5$+5%#"5 0&*1%'%'*% 2+9!&*#1!$ *'#%9&*&!$2'*5 '2 !"'!$% 5$',- *  

L-?"#!<)*$,- 1%#!4!$ " 2$#!12#*)%"/*1 $,7!&!1 )*"+%''!< "-%1, [4]. = .#!1 "+?)2% 

.::%/#*$'!"#( 2+9!&*#12 1!8%# 7,#( 0!$,;%'2 62 ")%# &2")%#2 0%&%-!4'!9! ?)2"#/2, 

"!!#$%#"#$?@>%9! 12/"*12+('!1? "!7"#$%''!1? )*"+? 12#&*3, B/!7*, 5$',1 1%#!-

4!1. = /2)%"#$% /&*#%&*5 $,7!&2 .::%/#*$'!< )*"+%''!< :!&1?+, %"#%"#$%''! 0&*-

1%'5#( '%&2$%'"#$! 4+5 /!'#&!+5 ?"#!<)*$!"#* [2, 5].  

D4%"( '2 !"'!$% 5$',- 1%#!4!$ #*02 E?'9%–F?##, 0%&$!9! * #&%#(%9! 0!&54/!$, 

2 #2/8% L-?"#!<)*$!9! (3,2)-1%#!42 #&%#(%9! 0!&54/2 #!)'!"#* 0!"#&!%' 2+9!&*#1 0%-

&%1%''!< "#&?/#?&, " 2$#!12#*)%"/*1 $,7!&!1 )*"+%''!< "-%1,.  

C1(++ (m,k)-.!),2,3. C*8% 7?4%# &2""12#&*$2#("5 6242)2 F!;* $*42 

( )y f y ! , 0 0( )y t y! , 0 kt t t" " .  (1) 

94% y * f – $%>%"#$%'',% N-1%&',% $%/#!&-:?'/3**, t – '%62$*"*125 0%&%1%''25. G?"#( 

Z %"#( 1'!8%"#$! 3%+,- )*"%+, * 6242', )*"+2 m,k#Z, k m. H7!6'2)*1 )%&%6 Mm 1'!-

8%"#$! )*"%+ {i#Z| 1 i m}, 2 )%&%6 Mk, Mm-k *  Ji, 1<i m, 0!41'!8%"#$2 *6 Mm $*42  

1 2{ |1 }! # ! $ $ %%% $ "k i m kM m M m m m m , & !m k m kM M M‚ , 

1{ | 1 }&! # ' ( # ( "i j m j k jJ m M j m M m i , 1 $ "i m . 

E2""1!#&*1 "+%4?@>*% )*"+%'',% "-%1,  

1

1

)
!

! ) *
m

n n i i

i

y y p k ,  ! )n nD E ahf ; 

1 1

1 1

( )
& &

! # !

 ! ) ) )* * *
i

i i

n i n ij j ij j n ij j

j j J j

D k hf y k k hf c k+ , , # ki M ;  (2) 

1

1

1

&

&
# !

 ! ) )* *
i

i

n i i ij j n ij j

j J j

D k k k hf c k, , &# m ki M , 

94% ki, 1 i m, '26,$2@#"5 "#24*51* 1%#!42; a, pi, !ij, "ij * cij – 0!"#!5'',% /!.::*3*%'-

#,; h – ;29 *'#%9&*&!$2'*5; E – %4*'*)'25 12#&*32; fnI=#f(yn)/#y  – 12#&*32 B/!7* "*"-

                                                 
*E27!#2 $,0!+'%'2 0&* :*'2'"!$!< 0!44%&8/% EJJK (0&!%/#, 11-01-00106 * 11-01-00224). 
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#%1, (1); k – /!+*)%"#$! $,)*"+%'*< :?'/3** f '2 ;29%; m – )*"+! "#24*< *+* /!+*)%-

"#$! !7&2#',- -!4!$ $ 1%#!4% L2?""2. C2 /284!1 ;29% *'#%9&*&!$2'*5 !"?>%"#$+5@#-

"5 !4'! $,)*"+%'*% 12#&*3, B/!7* * !4'2 4%/!10!6*3*5 12#&*3, Dn.  !0?"/2%#"5 20-

0&!/"*123*5 12#&*3, B/!7* fnI 12#&*3%< An, 0&%4"#2$*1!< $ $*4% An=fnI+hBn+O(h
2
), 

94% 12#&*32 Bn '% 62$*"*# !# $%+*)*', ;292 *'#%9&*&!$2'*5. M2/ /2/ k * m 0!+'!"#(@ 

!0&%4%+5@# 62#&2#, '2 ;29, 2 '27!& )*"%+ m1, …, mk *6 1'!8%"#$2 Mk #!+(/! &2"0&%4%-

+5%# *- $'?#&* ;292, #! 1%#!4, #*02 (2) '26$2', (m,k)-1%#!421*.  

L-K+),L*$3ML (3,2)-.!),2. E2""1!#&*1 )*"+%''?@ :!&1?+? $*42  

1 1 1 2 2 3 3) ! ) ) ) (n ny y p k p k p k  

1 2 1( )! ( ! (n n nD k hf y D k k   (3) 

3 31 1 32 2 32 2( )! ) ) ) (n nD k hf y k k k+ + ,  

94% 12#&*32 Dn !0&%4%+%'2 $ (2). E26+!8*1 "#24** ki, 1 i 3, $ &54, M%<+!&2 0! "#%0%-

'51 h * 0!4"#2$*1 $ 0%&$?@ :!&1?+? (3), 0!+?)*1 &54 M%<+!&2 4+5 0&*7+*8%''!9! 

&%;%'*5 yn+1. G!+2925 yn=y(tn) * "&2$'$25 &54, 4+5 #!)'!9! y(tn+1) * 0&*7+*8%''!9! yn+1 

&%;%'*< 4! )+%'!$ " h
3
 $/+@)*#%+('!, 0!+?)*1 ?"+!$*5 #&%#(%9! 0!&54/2 #!)'!"#* 

"-%1, (3), #. %.  

1 2 32 3(1 ) 1) ) ) ! (p p p,  1 2 31 32 32 32 ( 3 ) 1/ 2ap ap a a p+ + ,) ) ) ) ) ! (  

2 2 2 2

1 2 31 32 32 33 ( 2 3 6 ) 1/ 6a p a p a a a a p+ + ,) ) ) ) ) ! (  2

31 32 3( ) 1/ 3p+ +) ! . 

K""+%4?%1 ?"#!<)*$!"#( (3). G&*1%'55 %% 4+5 &%;%'*5 6242)* yI=$y, y(0)=y0, 

Re($)<0, 0!+?)*1 yn+1=Q(z)yn, z=h$, 94% :?'/3*5 ?"#!<)*$!"#* Q(z) 620*",$2%#"5 $ $*4% 

3 2 2 3 3

1 3 31 3( ) ( ) / (1 )Q z a a p a p a p z az+! & ) ) & & )  

- .2 2 3

1 2 31 32 3 1 2 32 3[3 2 ( 2 ) ] [ 3 (1 ) ] 1 / (1 )a ap ap a p z p p a p z az+ + ,) & & ) ) & ) ) & ) ) ) & . 

K6 $*42 Q(z) "+%4?%#, )#! 4+5 L-?"#!<)*$!"#* (3) '%!7-!4*1! $,0!+'%'*% "!!#-

'!;%'*5 a
2
–a(p1+p3)+!31p3=0. G!4"#2$+55 "@42 /!.::*3*%'#, pi, 1 i 3, 0!+?)*1 /?7*-

)%"/!% ?&2$'%'*% !#'!"*#%+('! 02&21%#&2 a, /!#!&!% *1%%# $*4 a
3
–3a

2
+3a/2–1/6=0.  2-

+%%, "&2$'*$25 0&%4"#2$+%'*% 0&*7+*8%''!9! * #!)'!9! &%;%'*< 4! )+%'!$ " h
4
 $/+@-

)*#%+('!, $*4*1, )#! +!/2+('25 !;*7/2 7?4%# 1*'*12+('!<, %"+* 

3

31 32 3 31 32 31 32 3( ) 1/ 4 ( )( 2 ) 1/ 24p a p+ + + + + +) ! ( ) ) ! %  

= &%6?+(#2#% 0!+?)*1 '27!& /!.::*3*%'#!$: 

2 2 2 2

1 2 3

2 2

31 32 32

(130 33 6) / (54 ) (21 54 4) / (18 ) 16 / 27

(48 3) / (32 ) (3 24 ) / (32 ) (54 30 6) / (32 )

p a a a p a a a p

a a a a a a a+ + ,

! & ) ( ! & & ( ! (

! & ( ! & ( ! & ) (
 

94% 6'2)%'*% a !0&%4%+5%#"5 *6 ?"+!$*5 L-?"#!<)*$!"#* a
3
–3a

2
+3a/2–1/6=0. N!9+2"'! 

[6] "-%12 (3) 7?4%# A-?"#!<)*$!<, %"+* 02&21%#& a ?4!$+%#$!&5%# '%&2$%'"#$? 

1/3Oa=1.0685790, 0!.#!1? $,7*&2%1 /!&%'( a=0.435866521508459. = &%6?+(#2#% *1%%1 

"+%4?@>*< /!10+%/# /!.::*3*%'#!$: 

1

1 0 15902052285216 10p ! % / ; 1

2 0 14930556622438 10p ! & % / ; 3 0 59259259259259p ! % ; 

1

31 0 12849112162238 10+ ! % / ; 32 0 53491121622384+ ! & % ; 32 0 52356010690630, ! % . 

; 

; 

; 

; 
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 +5 /!'#&!+5 #!)'!"#* $,)*"+%'*< * $,7!&2 ;292 *'#%9&*&!$2'*5 *"0!+(6?%1 

*4%@ $+!8%'',- 1%#!4!$.  +5 .#!9! &2""1!#&*1 1%#!4 (2) "+%4?@>%9! $*42: 

1 1 1 1 2 2 1 2 1( )) ( ! ) ) ( ! ( ! (n n n n ny y b k b k D k hf y D k k  

94% 0&*7+*8%'*% yn $,)*"+%'! 0! :!&1?+% (3). H#1%#*1, )#! $ .#!< )*"+%''!< "-%1% 

0&*1%'5@#"5 "#24** 1%#!42 (3), * 0!.#!1? %% *"0!+(6!$2'*% 0&2/#*)%"/* '% 0&*$!4*# 

/ ?$%+*)%'*@ $,)*"+*#%+(',- 62#&2#. C%#&?4'! $*4%#(, )#! 0&* 6'2)%'*5- /!.::*3*-

%'#!$ b1=0.5(4a–1)/a * b2=0.5(1–2a)/a .#2 "-%12 *1%%# $#!&!< 0!&54!/ #!)'!"#*, 2 %% +!-

/2+('25 !;*7/2 %n,2 *1%%# $*4 %n,3=(6a
2
–6a+1)h

3
fI

2
f/6+O(h

4
). M!942 $ '%&2$%'"#$% 4+5 

/!'#&!+5 #!)'!"#* 1!8'! 0&*1%'5#( !3%'/? !;*7/* &n(jn) $*42 [7] 

12 3 2

1 1 1( ) (1 12 36 24 ) ( ) / (24 24 4)nj

n n n n nj a a a D y y a a0 &

) ) (! & ) & & & ) , 1 2nj" " . 

G&* jn=1 !3%'/2 &n(jn) 7?4%# A-?"#!<)*$!<, 2 0&* jn=2 – L-?"#!<)*$!<. M%0%&( '%-

&2$%'"#$! 4+5 /!'#&!+5 #!)'!"#* *1%%# $*4 

1

1 1 1|| ( ) ||nj

n n nD y y c0&

) ) (& " , 

94% c=|24a
2
–24a+4|/|1–12a+36a

2
–24a

3
|P3; & – #!)'!"#( *'#%9&*&!$2'*5, 2 6'2)%'*% 02&2-

1%#&2 jn $,7*&2%#"5 '2*1%'(;*1, 0&* /!#!&!1 $,0!+'5%#"5 42''!% '%&2$%'"#$!.  

H3%'/? 12/"*12+('!9! "!7"#$%''!9! )*"+2 wn,0=h$n,max 12#&*3, B/!7* "*"#%1, 

(1), '%!7-!4*1?@ 4+5 0%&%-!42 '2 5$'?@ :!&1?+?, !0&%4%+*1 )%&%6 %% '!&1? 

wn,0=h||#f/#y||. C*8% 42''25 !3%'/2 7?4%# 0&*1%'5#("5 4+5 2$#!12#*)%"/!9! $,7!&2 )*"-

+%''!< "-%1,.  

@3/ML .!),2 )'!)N!0, -,'%2"(. M%0%&( 4+5 )*"+%''!9! &%;%'*5 6242)* (1) 

&2""1!#&*1 5$',< #&%-"#24*<',< 1%#!4 #*02 E?'9%–F?##2 $*42  

1 1 1 2 2 3 3

1 2 21 1 3 31 1 32 2( ) ( ) ( ).

n n

n n n

y y p k p k p k

k hf y k hf y k k hf y k k+ + +

) ! ) ) ) (

! ( ! ) ( ! ) )
 (4) 

 2+%% 4+5 "!/&2>%'*5 $,/+24!/ 7?4%1 &2""12#&*$2#( 6242)? (1), !4'2/! 0!"#&!-

%'',% '*8% 1%#!4, 1!8'! 0&*1%'5#( 4+5 &%;%'*5 '%2$#!'!1',- 6242). N&2$'*$25 

&54, 4+5 #!)'!9! y(tn+1) * 0&*7+*8%''!9! yn+1 &%;%'*< 4! )+%'!$ " h
3
 $/+@)*#%+('!, 

0!+?)*1 ?"+!$*5 #&%#(%9! 0!&54/2 #!)'!"#* "-%1, (4), #. %.  

1 2 3 1) ) ! (p p p
 21 2 31 32 3( ) 1/ 2p p+ + +) ) ! ( 2 2

21 2 31 32 3( ) 1/ 3p p+ + +) ) ! ( 21 32 3 1/ 6p+ + ! %
 

G!+!8*1 !21=1/2 * !31+!32=1. M!942 '2 /284!1 ;29% 0&*&2>%'*5 k1, k2 * k3 $,-

)*"+5@#"5 $ #!)/2- tn, tn+h/2 * tn+h, "!!#$%#"#$%''!. M2/!% &2"0&%4%+%'*% #!)%/ ti 0&*-

$!4*# / 0!$,;%'*@ '24%8'!"#* &2")%#!$. = &%6?+(#2#% *1%%1 /!.::*3*%'#, 

21 31 32 1 3 21/ 2 1 2 1/ 6 2 / 3p p p+ + +! ( ! & ( ! ( ! ! ( ! . 

C%&2$%'"#$! 4+5 /!'#&!+5 #!)'!"#* $,)*"+%'*< 1%#!42 #&%#(%9! 0!&54/2 0!-

"#&!*1 " *"0!+(6!$2'*%1 *4%* $+!8%'',- 1%#!4!$.  +5 .#!9! &2""1!#&*1 $"0!1!92-

#%+('?@ "-%1? yn+1,1=yn+r1k1+r2k2, 94% k1 * k2 !0&%4%+%', $ (4). M&%7!$2'*% $#!&!9! 0!-

&54/2 0&*$!4*# / /!.::*3*%'#21 r1=0 * r2=1. M!942 !3%'/? !;*7/* &n,3 1%#!42 #&%#(%9! 

0!&54/2 1!8'! !3%'*#( 0! :!&1?+% &n,3= ||yn+1–yn+1,1||=|| k1–2k2+k3||, 2 '%&2$%'"#$! 4+5 

/!'#&!+5 #!)'!"#* $,)*"+%'*< *1%%# $*4 &n,3O&  [7], 94% ||·|| – '%/!#!&25 '!&12 $ R
N
; & – 

#&%7?%125 #!)'!"#( *'#%9&*&!$2'*5.  

C%&2$%'"#$! 4+5 /!'#&!+5 ?"#!<)*$!"#* )*"+%''!< :!&1?+, (4) 0!"#&!*1 

0&%4+!8%'',1 $ [2, 5] "0!"!7!1. D20*;%1 "#24** k1, k2 * k3 0&*1%'*#%+('! / 6242)% 

; ; ; 

; ; ; ;
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yI=Ay, 94% A %"#( 12#&*32 " 0!"#!5'',1* /!.::*3*%'#21*. = &%6?+(#2#% 0!+?)*1 

k1=Xyn, k2=[X+0.5X
2
]yn  *  k3=[X+X

2
+X

3
]yn, 94% X=hA. Q%9/! $*4%#(, )#! k1–2k2+k3=X

3
yn * 

2(k2–k1)=X
2
yn. M!942 "!9+2"'! [2] !3%'/? 12/"*12+('!9! "!7"#$%''!9! )*"+2 wn,3=h$n,max 

12#&*3, B/!7* "*"#%1, (1) 1!8'! $,)*"+*#( 0! :!&1?+%  

3 1 2 3 2 1
1

0.5max( 2 )i i i i i

n
i N

w k k k k k(
" "

! 1 & ) 1 2 1 & 1 %  

K'#%&$2+ ?"#!<)*$!"#* )*"+%''!< "-%1, (4) 0&*7+*6*#%+('! &2$%' 2.5. G!.#!1? 

4+5 %% /!'#&!+5 ?"#!<)*$!"#* 1!8'! 0&*1%'5#( '%&2$%'"#$! wn,3O2.5. G!+?)%''25 

!3%'/2 5$+5%#"5 9&?7!< 0!#!1? )#!: 1) $!$"% '% !7562#%+('! 12/"*12+('!% "!7"#$%''!% 

)*"+! "*+('! !#4%+%'! !# !"#2+(',-; 2) $ "#%0%''!1 1%#!4% 0&*1%'5%#"5 12+! *#%&2-

3*<; 3) 4!0!+'*#%+(',% *"/28%'*5 $'!"*# '%+*'%<'!"#( 6242)* (1). G!.#!1? 64%"( 

/!'#&!+( ?"#!<)*$!"#* *"0!+(6?%#"5 /2/ !9&2'*)*#%+( '2 &261%& ;292 *'#%9&*&!$2'*5.  

G&!9'!6*&?%1,< ;29 hn+1 7?4%1 $,)*"+5#( "+%4?@>*1 !7&26!1. C!$,< ;29 h
ac

 

0! #!)'!"#* !0&%4%+*1 0! :!&1?+% h
ac

=q1hn, 94% hn %"#( 0!"+%4'*< ?"0%;',< ;29 *'-

#%9&*&!$2'*5, 2 q1, ?)*#,$25 "!!#'!;%'*% &n,3=O(hn
3
), 6242%#"5 ?&2$'%'*%1 q1

3
&n,3=&. 

R29 h
st
 0! ?"#!<)*$!"#* 62424*1 :!&1?+!< h

st
=q2hn, 94% q2, ?)*#,$25 &2$%'"#$! 

wn,3=O(hn), !0&%4%+5%#"5 *6 ?&2$'%'*5 q2wn,3=2.5. = &%6?+(#2#% 0&!9'!6*&?%1,< ;29 

hn+1 $,)*"+5%#"5 0! :!&1?+% hn+1=max[hn, min(h
ac

, h
st
)]. H#1%#*1, )#! 42''25 :!&1?+2 

0&*1%'5%#"5 4+5 0&!9'!62 $%+*)*', ;292 *'#%9&*&!$2'*5 hn+1 0!"+% ?"0%;'!9! $,-

)*"+%'*5 &%;%'*5, * 0!.#!1? !'2 :2/#*)%"/* '% 0&*$!4*# / ?$%+*)%'*@ $,)*"+*#%+(-

',- 62#&2#. S"+* ;29 0! ?"#!<)*$!"#* 1%'(;% 0!"+%4'%9! ?"0%;'!9!, #! !' ?1%'(;%' 

'% 7?4%#, 0!#!1? )#! 0&*)*'!< .#!9! 1!8%# 7,#( 9&?7!"#( !3%'/* 12/"*12+('!9! "!7-

"#$%''!9! )*"+2. H4'2/! ;29 '% 7?4%# * ?$%+*)%', 0!#!1? )#! '% *"/+@)%'2 $!61!8-

'!"#( '%?"#!<)*$!"#* )*"+%''!< "-%1,.  

<!),2 -!'3,0, -,'%2"(.  +5 )*"+%''!9! &%;%'*5 6242)* (1) &2""1!#&*1 "-%1?  

1 1 1 2 2 3 3) ! ) ) ) (n ny y r k r k r k   (5) 

94% "#24** k1, k2 * k3 6242', 0&* !0*"2'** 1%#!42 #&%#(%9! 0!&54/2 #!)'!"#*. G!"#&!*1 

1%'%% #!)'?@ "-%1? " 12/"*12+(',1 *'#%&$2+!1 ?"#!<)*$!"#*. G&*1%'55 (5) 4+5 &%-

;%'*5 6242)* yI=$y, y(0)=y0, Re($)<0, 0!+?)*1 yn+1=Q(x)yn, x=h$, 94% :?'/3*5 ?"#!<)*-

$!"#* Q(x) 620*",$2%#"5 $ $*4% Q(x)=1+(r1+r2+r3)x+[r2/2+r3]x
2
+r3x

3
. M&%7!$2'*% 0%&$!9! 

0!&54/2 #!)'!"#* 0&*$!4*# / "!!#'!;%'*@ r1+r2+r3=1, /!#!&!% '*8% 7?4%1 ")*#2#( 

$,0!+'%'',1. M%0%&( $,7%&%1 r2 * r3 #2/*1 !7&26!1, )#!7, 1%#!4 (5) *1%+ 12/"*12+(-

',< *'#%&$2+ ?"#!<)*$!"#*.  +5 .#!9! &2""1!#&*1 1'!9!)+%' T%7,;%$2 T3(z)=(4z
3
–3z) 

'2 0&!1%8?#/% [–1,1]. G&!$%4%1 621%'? 0%&%1%'',-, 0!+2925 z=1–2x/'. G!+?)*1 

T3(x)=1–18x/' +48x
2
/'

2
–32x

3
/'

3
, 0&* .#!1 !#&%6!/ [',0] !#!7&282%#"5 '2 !#&%6!/ [–1,1]. 

C%#&?4'! 0!/262#(, )#! "&%4* $"%- 1'!9!)+%'!$ $*42 P3(x)=1+x+c2x
2
+c3x

3
  4+5 T3(x) '%-

&2$%'"#$! |T3(x)|O1 $,0!+'5%#"5 '2 12/"*12+('!1 *'#%&$2+% [',0], '=–18 [2]. G!#&%7?%1 

"!$024%'*5 /!.::*3*%'#!$ Q(x) * T3(x) 0&* '=–18. A#! 0&*$!4*# / "!!#'!;%'*51 

r1+r2+r3=1, r2/2+r3=4/27 * r3=4/729. = &%6?+(#2#% *1%%1 /!.::*3*%'#, r1=517/729, 

r2=208/729 * r3=4/729 1%#!42 0%&$!9! 0!&54/2 #!)'!"#* " 12/"*12+(',1 *'#%&$2+!1 

?"#!<)*$!"#*, +!/2+('25 !;*7/2 %n,1 *1%%# $*4 %n,1=19h
2
fIf+O(h

3
).  +5 /!'#&!+5 #!)'!-

"#* )*"+%''!< :!&1?+, 0%&$!9! 0!&54/2 7?4%1 *"0!+(6!$2#( !3%'/? +!/2+('!< !;*7-

/*. U)*#,$25, )#! k2–k1=0.5hn
2
fnIfn+O(h

3
) * $*4 +!/2+('!< !;*7/*, '%&2$%'"#$! 4+5 /!'-

#&!+5 #!)'!"#* 620*",$2%#"5 $ $*4% 19||k2–k1||/27O&. K'#%&$2+ ?"#!<)*$!"#* )*"+%''!< 

"-%1, (5) 0%&$!9! 0!&54/2 #!)'!"#* &2$%' 18 [8]. G!.#!1? 4+5 %% /!'#&!+5 ?"#!<)*$!-

"#* 1!8'! 0&*1%'5#( '%&2$%'"#$! wn,3O18.   
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510,'$). + (3),.()$*!+"$. 3MO,',. *$+1!//,L +P!.M. C2 !"'!$% 0!"#&!-

%'',- 5$',- 1%#!4!$ 0%&$!9! * #&%#(%9! 0!&54/!$ #!)'!"#* +%9/! ":!&1?+*&!$2#( 2+-

9!&*#1 0%&%1%''!9! 0!&54/2 * ;292. E2")%#, $"%942 '2)*'2@#"5 1%#!4!1 #&%#(%9! 0!-

&54/2 /2/ 7!+%% #!)',1. G%&%-!4 '2 "-%1? 0%&$!9! 0!&54/2 !"?>%"#$+5%#"5 0&* '2&?-

;%'** '%&2$%'"#$2 wn,3O2.5. H7&2#',< 0%&%-!4 '2 1%#!4 #&%#(%9! 0!&54/2 0&!*"-!4*# 

$ "+?)2% $,0!+'%'*5 '%&2$%'"#$2 wn,3O2.5. G&* &2")%#2- 0! 1%#!4? 0%&$!9! 0!&54/2 '2-

&54? " #!)'!"#(@ /!'#&!+*&?%#"5 ?"#!<)*$!"#(.  

= "+?)2% *"0!+(6!$2'*5 "-%1, (3) :!&1?+*&!$/2 2+9!&*#12 *'#%9&*&!$2'*5 

#2/8% '% $,6,$2%# #&?4'!"#%<. C2&?;%'*% '%&2$%'"#$2 wn,3O18 $,6,$2%# 0%&%-!4 '2 

"-%1? (3), 2 $,0!+'%'*% '%&2$%'"#$2 wn,0O18 $,6,$2%# 0%&%-!4 '2 5$',% 1%#!4,.  

9!4K1N)()M '(+*!),3. = /2)%"#$% #%"#!$!9! 0&*1%&2 &2""1!#&*1 ?&2$'%'*% 

=2'-4%&-G!+5 4+5 *1*#23** !"3*++*&?@>*- :*6*)%"/*- 0&!3%""!$. D4%"( .#! ?&2$'%-

'*% *6?)2%#"5 $ $*4% "*"#%1, 4$?- ?&2$'%'*< 0%&$!9! 0!&54/2 

1 2y y ! , 2

2 1 2 1[(1 ) ] /y y y y 3 ! & &  

" '2)2+(',1* ?"+!$*51* y1(0)=2 * y2(0)=0, t#[0,11]. K61%'%'*%1 02&21%#&2 ( $2&(*&?-

%#"5 8%"#/!"#( 1!4%+*. = #27+*3% 0&*$%4%', &%6?+(#2#, &2")%#!$ 0&* &26+*)',- 6'2-

)%'*5- (. =,)*"+*#%+(',% 62#&2#, 0&*$%4%', $ :!&1% if(ij),  94% )%&%6 if * ij !7!6'2)%-

', "!!#$%#"#$%''! )*"+! $,)*"+%'*< 0&2$!< )2"#* * 4%/!10!6*3*< 12#&*3, B/!7* '2 

*'#%&$2+% *'#%9&*&!$2'*5. N&2$'%'*% .::%/#*$'!"#* 0!"#&!%''!9! 2+9!&*#12 MKRK3 

0&!$!4*+!"( " 1%#!4!1 L*&2 $ &%2+*623** V. W*'412&;2 DLSODE *6 /!++%/3** ODE-

PACK [9]. E2")%#, 0&!$!4*+*"( #2/*1 !7&26!1, )#!7, $ #!)'!1 *  0&*7+*8%''!1 &%-

;%'*5- "!$0242+* 4$% 6'2)2>*% 3*:&,, 94% 0!4 #!)',1 0!'*12%#"5 &%;%'*% 0&* #!)-

'!"#* $,)*"+%'*< &=10
–11

.  

X 10–1 10–2 10–3 10–4 10–5 10–6 

MKRK3 1778(0) 5009(0) 3221(734) 4236(976) 5091(1213) 5963(1428) 

DLSODE 1756(118) 4634(310) 5213(461) 6503(600) 8021(733) 9357(841) 

 

K6 2'2+*62 &%6?+(#2#!$ &2")%#!$ "+%4?%#, )#! 0&* '%7!+(;!< 8%"#/!"#* 6242)* $ 

0!"#&!%''!1 2+9!&*#1% &27!#2@# #!+(/! 5$',% 1%#!4,. C2)*'25 " ( = 10
–3

,
 
$ 62$*"*1!-

"#* !# ?"+!$*5 ?"#!<)*$!"#* $ 0&!3%""% $,)*"+%'*< /!17*'*&?@#"5 5$',% * L-

?"#!<)*$,< "-%1,. K6 *6?)%'*5 0!;29!$,- $,)*"+%'*< $*4'!, )#! '2 0%&%-!4',- 

?)2"#/2- &2")%#, !"?>%"#$+5@#"5 0! 5$',1 :!&1?+21, 2 '2 ?)2"#/2- ?"#2'!$+%'*5 – 

0! L-?"#!<)*$!< "-%1% ($ #27+*3% ij "!$0242%# " )*"+!1 ;29!$ L-?"#!<)*$!9! 1%#!42).  

G! )*"+? $,)*"+%'*< 0&2$!< )2"#* if  0!"#&!%'',< 2+9!&*#1 MKRK3 0!)#* 0&* 

$"%- 6'2)%'*5- ( .::%/#*$'%% 2+9!&*#12 DLSODE, '! 0! /!+*)%"#$? 4%/!10!6*3*< 

12#&*3, B/!7* MKRK3 0&!*9&,$2%#. A#! !6'2)2%#, )#! '2 6242)2- 7!+(;!< &261%&'!-

"#* DLSODE 1!8%# 7,#( .::%/#*$'%%.  !0!+'*#%+(',1 &%6%&$!1 4+5 MKRK3 5$+5%#-

"5 $/+@)%'*% $ "!"#2$ 2+9!&*#12 *'#%9&*&!$2'*5 L-?"#!<)*$!9! 1%#!42 " 621!&28*$2-

'*%1 12#&*3, B/!7* 

I("1Q*!/$!. = 0!"#&!%''!1 2+9!&*#1% RKMK3 " 0!1!>(@ 0&*6'2/2 1!8'! 62-

42$2#( &26+*)',% &%8*1, &2")%#2: 1) 5$',1* 1%#!421* 0%&$!9! *+* #&%#(%9! 0!&54/!$ 

#!)'!"#* " /!'#&!+%1 *+* 7%6 /!'#&!+5 ?"#!<)*$!"#*; 2) 5$',1* 1%#!421* " 0%&%1%'-

',1 0!&54/!1 * ;29!1; 3) L-?"#!<)*$,1 1%#!4!1; 4) " 2$#!12#*)%"/*1 $,7!&!1 )*"-

+%''!< "-%1,. ="% .#! 0!6$!+5%# 0&*1%'5#( 42'',< 2+9!&*#1 4+5 &%;%'*5 /2/ 8%"#-

/*-, #2/ * '%8%"#/*- 6242). G&* &2")%#2- " 2$#!12#*)%"/*1 $,7!&!1 )*"+%''!< "-%1, 

$!0&!" ! #!1, 5$+5%#"5 6242)2 8%"#/!< *+* '%#, 0%&%/+24,$2%#"5 '2 2+9!&*#1 *'#%9&*-

&!$2'*5.  
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